周期的拡大縮小管路内を伝わる波動(非線形波動の数理と応用) by 水島, 二郎 et al.
Title周期的拡大縮小管路内を伝わる波動(非線形波動の数理と応用)
Author(s)水島, 二郎; 吉田, 成希; 佐野, 太郎


















, (Tollmien-Schlichting wave, $\mathrm{T}\mathrm{S}$ )
, , – ,
. 2 :3
,




, Mizushima, Okamoto and Yamaguchi[3], Mizushima









































N (Fig. 1 $(\mathrm{a})$ ).
1 Fig. 1 (b) . $\mathit{2}d$
AIA2 , 2d \ell , 2D L
CIDID2C2 , 2d \ell
$\mathrm{F}_{1}\mathrm{F}_{2}$ . 1 $\mathrm{O}$ ,





Fig. 1: Channel geometry and coordinates. (a) Whole channel, (b) channel unit.
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: $s$ $=$ $\frac{\ell}{d}$ .
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AlA2 x U, d
, .
$\frac{\partial u}{\partial t}+(u\cdot\nabla)u=-\nabla p+\frac{1}{Re}\Delta u$, (1)
$\nabla\cdot u=0$ . (2)
, .
$Re= \frac{Ud}{\nu}$ . (3)
, \nu . 2
, $u=(u, v)$ , $\psi$ ,
$u= \frac{\partial\psi}{\partial y}$ , $v=- \frac{\partial\psi}{\partial x}$ (4)
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. (1) (2) $\psi(x, y, t)$ $\omega(x, y, t)$
.
$\frac{\partial\omega}{\partial t}=J(\psi, \omega)+\frac{1}{Re}\Delta\omega$ , (5)
$\triangle\psi=-\omega$ , (6)
$J(f, g)$ $=$ $\frac{\partial f}{\partial x}\frac{\partial g}{\partial y}-\frac{\partial f}{\partial y}\frac{\partial g}{\partial x}$ $\Delta=(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}})$ .
.
$u= \frac{\partial\psi}{\partial y}=0$ , $v=- \frac{\partial\psi}{\partial x}=0$ . (7)
1 ‘ ‘ $\dagger\backslash$ $(x=0)$ ,
$y$ $v$ $x$ $u$ $\alpha$ ,
$u= \frac{\partial\psi}{\partial y}=(1-y^{2}\rangle, v=-\frac{\partial\emptyset}{\partial x}=\alpha(1-y^{2})$,
$\psi=y(1-\frac{y^{2}}{3})$ , $\omega=\mathit{2}y$ (8)
. , \alpha =0 , \alpha
(0.02) . ($N$ ) $(x=N\mathcal{L})$
, .
,
$\frac{\partial\psi}{\partial t}+c\frac{\partial\psi}{\partial x}=0$ , $\frac{\partial\omega}{\partial t}+c\frac{\partial\omega}{\partial x}=0$ (9)
. , c ,
c , u .
, ,
(1 , 1) 2 1 (2 ,
2) .
. , 1 2 , $n$ 1 2
$\psi(x, y)=\psi(x+n\mathcal{L}, y)$ ,
$\omega(x, y)=\omega(x+n\mathcal{L}, y)$ (10)
. 2 $\psi$ $\omega$ $2\mathcal{L}$ ,
2 , ,
y ,
$\psi(x, y)=-\psi(x+\mathcal{L}, -y)$ ,





2- . $x=[0, N\mathcal{L}],$ $y=[-3,3]$ $x$ $y$
\Delta x \Delta y , . t \Delta t
. (5) 1 ,
4 . (6) 4
, SOR (Successive Over Relaxation Method)
. , (xi, yy)=(i\Delta x,j\Delta k
$\psi_{i,j}^{k}$ $k-1$ $\psi_{i,j}^{k-1}$ $10^{-7}$
. , $\max_{\mathrm{i}_{\dot{\theta}}}$ 1\psi $-\psi_{i_{\dot{\mathrm{J}}}}^{k-1}|<10^{arrow 7}$ . ,
$n\Delta t$ $(n-1)\Delta t$ $10^{-10}$
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. , $(x_{1}, y_{j})=(i\Delta x$ ,j\Delta $k$
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. (\psi , \mbox{\boldmath $\omega$}-) (\psi ’, \mbox{\boldmath $\omega$}’)
. , \mbox{\boldmath $\omega$}=\mbox{\boldmath $\omega$}+\mbox{\boldmath $\omega$}’
$\psi=\overline{\psi}+\psi’$ . (5) (6) ,
(12) (13) .
$\frac{\partial\omega’}{\partial t}=J(\overline{\psi}, \omega’)+J(\psi’,\overline{\omega})+\frac{1}{Re}\Delta\omega’$ , (14)
$\Delta\psi’=-\omega’$ . (15)
, $\psi’$ $\omega’$ . , $\psi’(x, y, t)=$
$\hat{\psi}\exp\lambda t,$ $\omega’(x, y, t)=\hat{\omega}\exp$ (14) (15) ,
$\lambda\hat{\omega}=J(\overline{\psi},\hat{\omega})+J(\hat{\psi},\overline{\omega})+\frac{1}{Re}\Delta\hat{\omega}$ , (16)
$\Delta\hat{\psi}=-\hat{\omega}$ (17)
. , $\lambda$ .
,
$\hat{\psi}=0$ , $\frac{\partial\hat{\psi}}{\partial_{l/}}=0$ , (18)
,
$\hat{\psi}=0$ , $\frac{\partial\hat{\psi}}{\partial x}=0$ (19)
.
, , 1 2
. , (18) (19)
(10) (11) , (16) (17) SOR ,
\mbox{\boldmath $\lambda$} . \mbox{\boldmath $\lambda$} \mbox{\boldmath $\lambda$}, . \mbox{\boldmath $\lambda$}r>0 ,






. , 1 , E=3
$A=7/3$ . Mizushima&Shiotani
$6d$ . $\Delta x$ $\Delta y$
,
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. \Delta t ,
0.01 , $\Delta t=0.005$
. 1 , Recl
. , $v_{1}$ $Re=55$ $\mathrm{P}_{1}$ $y$
. , $\Delta x=\Delta y=1/10$ $\Delta x=\Delta y=1/15$ ,
1% , Mizushima &Shiotani[4]
$(Re_{c1}=47.7)$ 32% . ,
, $\Delta x=\Delta y=1/10$ .
Table 1: Accuracy assessment. Comparison of critical Reynolds number $Re_{\mathrm{c}1}$ and
$y$-direction velocity $v_{1}$ for different order of accuracy in the finite difference approx-
imation. $E=3,$ $A=7/3,$ $s=6$ .
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.
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$Re=45$ (Fig. $\mathit{2}(\mathrm{a})$ )
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Fig. 2: Flow pattern (stream lines). $E=3,$ $A=7/3,$ $s=4$ . Periodic boundary
condition $(n=2)$ .
Fig. 3: Bifurcation diagram. $v_{1}$ : velocity in the $y$-direction at the location indicated
by $\mathrm{P}_{1}$ in Fig. 1. $E=3,$ $A=7/3,$ $s=4,$ $Re_{1}=49.5,$ $Re_{2}=66.5$ .
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Fig. 4: Flow pattern (stream lines). $E=3,$ $A=7/3,$ $s=0.5$ .
, $Re=55$ (Fig. $4(\mathrm{b})$ ).
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Fig. 5: Bifurcation diagram. $v_{1}$ : velocity in the $y$-direction at the location indicated
by $\mathrm{P}_{1}$ in Fig. 1. $E=3,$ $A=7/3,$ $s=0_{\iota}^{r_{)}}.,$ $Re_{1}=38.7,$ $Re_{3}=58.5$ .
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Fig. 6: Linear growth rate of disturbance $\lambda$ . $E=3,$ $A=7/3$ . Solid line: $s=4$
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$s=4$ , $s=0.\mathit{5}$ . ,
, \mbox{\boldmath $\lambda$} $(\lambda,$ $=0)$
. , $\lambda=0$
.
s=[0.1,60] , Fig. 7
. 1 ( 1) 2 (
2) $s=1.7$ , $s>1.7$
1 , $s<1.7$ 2 . , $s$
, , ,
, y
, . , 1




$0$ 1 2 3 4 5 6
$s$
Fig. 7: Transition diagram. $E=3,$ $A=7/3$. $\circ$ : pitchfork bifurcation point (model,
$Re_{1})$ , $\bullet$ : inverse pitchfork bifurcation point (model, $Re_{2}$ ), $\triangle$ : pitchfork bifurcation
point (mode2, $Re_{1}$ ), $\Delta$ : inverse pitchfork bifurcation point (mode2, $Re_{2}$ ), $\blacksquare$ : Hopf
bifurcation point $(Re_{3})$ .
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Fig. 9: Instantaneous flow patterns in the transient process by changing the value
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Fig. 10: Propagation of transient wave induced by changing the value of $\alpha$ from $0$
to-0.02. $E=3,$ $A=7/3,$ $s=0.5,$ $Re=\mathit{5}5$ .
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Fig. 11: Time development of $\partial v/\partial t$ in the transient process when the value of $\alpha$ is
changed from $0$ to-0.02. $E=3,$ $A=7/3,$ $s=0.\mathit{5},$ $Re=\mathit{5}5$ .
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